Given a uniformly bounded representation of a locally compact group, we consider the closed circled convex hull K of the orbit of a vector. We call K a simple motion system (SMS) and endow its linear hull with the Minkowski functional of K. The representation theory on these 'SMS-spaces' is discussed, in particular for C 0 -representations, for irreducible representations of connected groups and for integrable representations. As an application we give a criterion for the decomposibility of representations.
Introduction
We describe the behaviour of a vector x under the action of a uniformly bounded representation π of a locally compact group in terms of an associated Banach-space, the 'SMS-space' to π and x. This is done in a geometric way.
We consider the closed circled convex hull K of the orbit of x which we call the simple motion system (SMS) and endow its linear hull with the Minkowski functional of K. Obviously this space is invariant under G however the restriction of π is not usually strongly continuous with respect to this Minkowski-norm.
In Section 2 we present this construction and discuss the representation theory on general SMS-spaces. Section 3 is devoted to the study of C 0 -representations. Here the SMS-space and the space of strongly continuous vectors are revealed as the orbits of x under the measure algebra M(G) and the group algebra L 1 (G), respectively. Sections 4 and 5 are concerned with certain canonical SMS-spaces associated to irreducible GCR-representations of connected groups and to integrable representations of unimodular groups, respectively.
Finally Section 6 generalizes the concept of SMS-spaces. We show that the SMSspaces associated with unitary representations are dual spaces. Furthermore the theory applies to certain subspaces of the Fourier-Stieltjes algebra. Using a theorem of Taylor, we give a criterion for the decomposibility of a representation into irreducible ones.
Simple motion systems associated to group representations
Throughout this paper let G be a locally compact second countable topological group and (π, B π ) be a uniformly bounded, strongly continuous representation of G on a Banach space B π . In addition we assume (π, B π ) to be cyclic.
Definition 2·1. Let x ∈ B π be a cyclic vector with respect to (π, B π ). We call the closed circled convex hull of the orbit of x K cl (cco π(G)x) the simple motion system associated to π and x.
The dense subspace E SMS (π, x) span K = R + ;K of B π endowed with the Minkowski functional of K y E µ K (y) inf{λ ∈ R + | y ∈ λ;K} is called the SMS-space associated to π and x, the vector x its starting vector.
Example 2·2.
(i) Let λ Z be the regular representation of the integers on 2 (Z) and consider the starting vector x δ 0 . We find
hence the unit ball 1 (Z) 1 of 1 (Z) is densely contained in the simple motion system K = cl (cco (λ Z (Z)δ 0 )). Since the inclusion ι: 1 (Z) → 2 (Z) is weak- * weak continuous, 1 (Z) 1 is weakly-compact, whence it is norm-closed in 2 (Z). This yields K = 1 (Z) 1 and SMS (π, δ 0 ) = 1 (Z). (ii) Now consider the regular representation (λ R , L 2 (R)) of the reals. A function x ∈ L 2 (R) is cyclic if and only if its Plancherel-transform vanishes at most on a null set. We will see in the next section that Proof. (i)-(iii) are immediate, since K is closed, circled convex and bounded. To prove (iv) consider a Cauchy sequence {y n } n∈N with respect to ; E . Then {y n } n∈N is a Cauchy sequence with respect to ; Bπ by (iii), hence has a limit y in B π with respect to ; Bπ . But the Cauchy-property with respect to ; E assures that for ε > 0 and a large enough number N ∈ N Since K is closed in B π this yields y ∈ y n + ε;K, hence y ∈ E and y n → y with respect to ; E .
Thus the representation (π, B π ) associates to the starting vector x a dense subspace E in B π carrying a Banach-norm which is finer than the original one. Obviously K is G-invariant and G acts on E viaπ(g) π(g)| E .
Theorem 2·4. We keep the notation of Definition 2·1. Then G acts on E by isometries. In fact, the unit ball K is invariant under the simple motions, that is
In particular the representatioñ
Proof. Clearly, G acts by isometries. As to the remainder of the theorem, assume the statement not to be true. Then there exist y ∈ K and µ ∈ M(G) 1 with π(µ)y^K. But K is circled convex and closed in B π , whence the Hahn-Banach theorem forces a λ ∈ B π with
Observe that it is not a priori clear that π(µ) is an element of E, which would simplify the proof above.
Our next aim is to describe the spacẽ
of the strongly continuous vectors forπ (which is closed by boundedness ofπ).
Proposition 2·5. For all µ ∈ M(G) the integrated representationπ(µ) ofπ|Ẽ coincides with π(µ)|Ẽ.
Proof. For λ ∈ B π ⊆ E and y ∈ E we have
This shows the claim, since B π separates the points in E ⊆ B π .
If E, F is a dual pair of vector spaces, we denote by σ(E, F ) and τ (E, F ) the weak and the Mackey topology on E, respectively. Theorem 2·6. We keep the notation of Definition 2·1. Then the spacẽ 
which settles the first part of the theorem.
As to the Mackey-density, observe that π(L 1 (G))E is dense in B π with respect to the norm topology, hence σ(
Note that the continuity properties on the SMS-space correspond to the continuity properties of the regular representation λ G of G on M(G): the space of strongly
. Thus in Example 2·2(ii) the representationπ is not strongly continuous on the whole SMS-space.
SMS-spaces associated to C 0 -representations
In this section, we present a rather satisfactory description of SMS-spaces associated to an important class of representations, the C 0 -representations. Definition 3·1. A cyclic uniformly bounded representation (π, B π ) on a Banach space B π is called a C 0 -representation, if there exists a cyclic vector x ∈ B π , such that the matrix coefficients
belong to the space C 0 (G) of functions vanishing at infinity for all continuous linear functionals λ ∈ B π . This implies immediately that for all λ ∈ B π , z ∈ B π the matrix coefficient v λ,z is in C 0 (G). If (π, H π ) is a unitary representation on a Hilbert space H π this is equivalent to the fact that, for some cyclic vector x ∈ H π , the positive definite function
vanishes at infinity.
The regular representation is a C 0 -representation (cf. [9, 3·7] We now calculate the SMS-space associated to a C 0 -representation.
In particular, SMS (π, x) is the orbit of x under the action of M(G).
Proof. We know from Theorem 2·4 that
Hence with µ k
Now, since G is separable, the unit ball M(G) 1 is weak- * sequentially compact, hence we may assume that {µ k } k∈N converges to a µ ∈ M(G) 1 in the weak- * topology.
Together with the C 0 -property of π, this implies for
An application of the Hahn-Banach theorem finishes the proof.
To identify the Banach space structure of (E, ; E ) observe the following:
F be Banach-spaces and T: E → F a continuous linear onto mapping. Then the factor space E/ ker T endowed with the quotient norm is isometrically isomorphic to F if and only if
and I is a weak- * -closed left ideal in M(G). We have the following isometric isomorphisms:
isometrically isometrically
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Proof. We have
Therefore, as a polar, I is weak- * -closed while by the second description it is a left ideal. Now by Theorem 3·3 and the previous lemma the first isomorphism follows. The second one is due to general functional analysis.
Finally, for λ ∈ B π , Theorem 3·3 implies:
The next theorem identifies the space of the strongly continuous vectors in E as the L 1 (G)-orbit of the starting vector x.
Theorem 3·6. In the situation of Theorem 3·3 the spaceẼ ofπ-strongly continuous vectors in E coincides with the
Proof. By Theorems 2·6 and 3·3 one has
Corollary 3·7. The starting vector x is a strongly continuous vector forπ in its own
In this case,π is strongly continuous on E and
Example 3·8.
(i) Consider the regular representation (λ R , L 2 (R)) of the reals and a cyclic vector x ∈ L 2 (R), so that the Plancherel-transformx of x satisfiesx(t) 0 a.e. Then for µ ∈ M(R) :
λ R (µ)x = µ * x = 0 if and only if the Fourier-Stieltjes transformμ = 0, thus I = {0}. Therefore we find
In particular the starting vector x is not strongly continuous in its SMS-space.
(ii) Now consider the representation of (i) as a representation of the discretisized group R d . The SMS-space remains of course unchanged, hence
Thus Theorem 3·3 fails if the C 0 -property is not satisfied. 
is compact. As the topology on E is finer than that on B π , we havẽ
On the other hand Proposition 2·5 and Theorem 3·3 imply:
Hence the closed unit ball of E would be compact, forcing E to be finite dimensional. But this is a contradiction to x being cyclic for π.
is an irreducible C 0 -representation and if x ∈ B π such that the SMS-space E = SMS (π, x) is minimal with respect to inclusion among SMSsubspaces, thenπ is strongly continuous on E. Take 0 y ∈Ẽ; then, by
1 (G) and Corollary 3·7 shows the claim. (Note that irreducibility of π is needed to assure that the vector y used in the proof is cyclic, so that SMS(π, y) is well-defined.) (v) On the other hand, if (π, B π ) is a C 0 -representation and x ∈ B π is a cyclic vector such that E = SMS (π, x) is maximal with respect to inclusion among SMS-subspaces, then againπ is strongly continuous on E. In fact, by the factorization theorem, there are y ∈ B π and f ∈ L 1 (G) with x = π(f )y, therefore y is cyclic for π and x ∈ SMS (π, y), so the maximality of E implies SMS (π, y) = E = π(M(G))x and again we see x ∈ π(L 1 (G))x. Combined with (i) this shows that for every cyclic f ∈ L 2 (R) there is a sequence f n ∈ L 2 (R) such that
(In other words, there is a strictly increasing sequence of subspaces of L 2 (R) that are in a natural way algebraically isomorphic to M(R).)
SMS-spaces of irreducible GCR-representations
In this Section we are concerned with SMS-spaces associated to irreducible unitary GCR-representations. The significant fact here is the existence of a unique minimal SMS-space. The most important tool is the following result which is an easy generalization of a very deep one, due to Poguntke [17] . Proof. The result in [17] shows the statement in the Lie case. Now let G be an arbitrary connected locally compact group. There exists a net {K α } α of compact normal subgroups K α G such that G is the projective limit of the Lie groups G/K α . By [2, lemma 2] there is an α 0 with K α ⊆ ker π for all α α 0 . In particular for such an α the canonical representation π of G/K α with π π • p α (where p α denotes the canonical projection) is irreducible and Poguntke's result guarantees an f ∈ L 1 (G/K α ) such that π (f ) is a nontrivial finite dimensional operator. Now the canonical onto homomorphism σ : 
is not the kernel of π. Then Proof. The proof is based on that of theorem 2 in [6] . It is worked out in [14] . 
Indeed, take x, y ∈ H π \ {0} with v x,y ∈ L p (G) and u, w ∈ H fin . By the above, there are integrable functions f u and f w with π(f u )x = u and π(f w )y = w.
Thus we find
. Now the usual convolution formulas (e.g. [11, 2·39] 
Proof.
( 
, where χ σ is the character of σ. Thus π(f * χ σ ) has finite rank for all f ∈ L 1 (G). In particular, the space of K-finite vectors with respect to π is contained in H fin . By the Peter-Weyl theorem, the unique minimal SMS-space is the closure of the K-finite vectors with respect to the SMS-topology associated to any nonzero K-finite vector. (iii) Observe that in the Lie case H fin contains a dense set of C ∞ -vectors (cf. Theorem 4·1). But in general not all vectors in H fin are differentiable. Thus a G-orbit of a vector does not span H fin , in general.
SMS-spaces associated to integrable representations
As in the last Section we reveal a canonical SMS-space associated to an irreducible representation (π, H π ), now described by a growth condition on the matrix coefficients.
We assume G to be unimodular but not necessarily connected and fix a Haarmeasure µ G on G.
By Example 3·2(i), integrable representations are C 0 -representations. We summarize some facts about integrable representations. Proofs and further results are contained in [5, sections 14·3, 14·4], for instance. Let d π be the formal dimension of π. We have the following orthogonality relations (with respect to the inner products of L 2 (G) and H π , respectively):
Furthermore in case x = √ d π the right-convolution in L 2 (G) with the positive definite function v x,x is the orthogonal projection onto the space
defines a unitary intertwining operator between π and the restriction of the regular representation to K. We need the following easy observation:
Proof. This is easily seen by [10, lemma 4·2 ].
This yields immediately
Corollary 5·3. Let H π be an integrable representation of the unimodular group G.
{0} the SMS-spaces coincide and have equivalent SMS-norms. (ii) The SMS-space of the integrable vectors E int is a minimal SMS-space. The canonical mapping
L 1 (G)/Ĩ f +Ĩ → π(f )x, (x 0) is norm-decreasing, whereĨ {f ∈ L 1 (G) | π(f )x = 0}. The representation on E int is strongly continuous. (iii) If,
in addition, G is connected, E int is the unique minimal SMS-space and is
contained in all SMS-spaces. In particular, for every
Proof.
(i) Is obvious by the above.
(ii) We assume without loss of generality x = √ d π . Thus we have
The minimality follows from Proposition 5·2.
. Therefore π is GCR and Theorem 4·4 shows that E int coincides with H fin .
For noncompact groups it is not possible that all matrix coefficients are integrable (see for instance [4, p. 233] ). In particular the canonical subspace E int is always a proper subspace.
SMS-type spaces
In Theorem 3·5 we saw that the SMS-space E associated with a C 0 -representation (π, B π ) is the dual of a Banach space, namely of the closure of B π with respect to the norm of E . This result remains true in a more general functional analytic setting that is introduced below. These generalized SMS-spaces provide more information for rather general representations.
Moreover this theory applies to the concept of Fourier-Stieltjes algebras and Arsac-spaces. This yields, for instance, a necessary and sufficient criterium for a unitary representation on a separable Hilbert space to split into irreducible ones.
Definition 6·1. Let E and B be Banach spaces and ι: E → B be a one-to-one continuous mapping with dense image such that
Then E is called an SMS-space in B. Very often we identify E with its dense image in B.
Definition 6·1 gives a natural generalization of the objects of our first five sections. 
More precisely: E is (canonically isometrically isomorphic to) the dual space of B endowed with the norm inherited from E (cf. Proposition 2·3).
Proof.
(1) Let M equal {f ∈ E : f (λ) = 0 for all λ ∈ B ⊂ E }, let Φ : E → E be the canonical embedding and let π M : E → E /M be the canonical projection.
Consider the following topological spaces.
• E endowed with σ(E, B ) (which is possible, since i : B → E is one-toone); • E with σ(E , B ) (this is possible, since i : B → E ⊂ E is one-toone); • E /M with σ(E /M, B ) (which is possible for the following reasons: as M ⊂ ker (λ) for all λ ∈ B ⊂ E ⊂ E , the mappingλ :
is well-defined for all λ ∈ B . Also, the mapping B λ →λ ∈ (E /M ) * is one-to-one. For ifλ = 0 one hasλ(x + M ) = 0 for all x ∈ E , hence λ(x) = 0 for all x ∈ E , especially for all x ∈ E; as E is dense in B, it follows that λ = 0.) Now, observe that:
is just the final topology on E /M with respect to π M if E is endowed with σ(E , B ). Since E 1 is σ(B, B )-compact, it follows that it is σ(E, B )-compact and
. By closedness of ψ(E 1 ) with respect to σ(E /M, B ), it follows that π M (E 1 ) ⊂ ψ(E 1 ), and hence
(2) By (1) we have a mapping E → E /M that is one-to-one and onto. By the definiton of M and a well-known theorem in functional analysis, it follows that
Hence the mapping
is one-to-one and onto. In particular, if B is a Hilbert space, the density of E in B yields E = (B, ; E ) = (E, ; E ) .
We conclude this paper with an application of our results to Fourier-Stieltjes algebras. Let us recall at first some results concerning the Arsac-spaces associated to a unitary representation (π, H π ).
Denote by W π the von Neumann algebra generated by the operators π(g), g ∈ G and consider the predual W '⇒' We may assume π to be multiplicity free. Then This space is closed in L 1 (H π ) with respect to the Hilbert-Schmidt norm.
